We highlight caveats arising in the application of traditional ROA-based Z-scores for the measurement of bank insolvency risk, develop alternative Z-score measures to resolve these issues, and make recommendations for best practice for the US/Europe based on the experience of the …nancial crisis of [2007][2008]. Using a probabilistic approach (i) our novel regulatory capital Z-score dominates traditional Z-score measures for both US/Europe; (ii) Z-scores computed with exponentially weighted moments dominate those with moving moments for the US sample, but not for Europe. For both US/Europe, using a multivariate logit approach (i) allows computation of augmented Z-scores that provide probabilities of distress that better discriminate between distressed/surviving banks than the probabilistic approach; (ii) suggests that the ROA-based Z-score using current values of the capital-asset ratio is best, calculated either with moving or exponentially weighted moments.
Introduction
The Z-score is widely used in the empirical banking literature to re ‡ect a bank's probability of insolvency; it is, e.g., one of the indicators used by the World Bank in their Global Financial Development Database to measure …nancial institutions' soundness. 1 The widespread use of Zscores can be explained by their relative simplicity and the fact that they require only accounting information for their computation; as such, they can be applied to both listed and unlisted …nancial institutions. However, both their simplicity and reliance on accounting data result in potential challenges in their application; our paper highlights these caveats, develops alternative Z-score measures to address these issues, and then proceeds to develop recommendations regarding best practice in the application of Z-score measures for the measurement of bank insolvency risk, based on the experience of the …nancial crisis of 2007-2008 for the US and Europe. The traditional return-based Z-scores commonly used at present, designed as an indicator for the likelihood that a bank's equity might be wiped out through losses, are faced with several potential challenges in their practical application; we consider improvements for each of these issues. First, return-based Z-score measures disregard the importance of regulatory capital constraints faced by banks; we take this aspect into account by constructing an alternative "regulatory capital" Z-score as an indicator for the likelihood that a bank's regulatory capital drops below a given threshold. Secondly, the construction of time-varying Z-score measures more generally introduces questions of appropriate estimation of relevant moments (see e.g. the survey by Lepetit and Strobel (2013) ); in addition to a thorough evaluation of alternative approaches to using moving moments we also consider exponentially weighted moments in this paper. Lastly, while the return-based and regulatory capital Z-score measures can be related to unconditional probabilities of distress, the link between Z-scores and probability of distress could be conditional on observable bank characteristics (e.g. bank size) and the macroeconomic environment (i.e. a reduction in capital might be more challenging for a bank during a …nancial crisis period than during normal times). We address this issue by constructing a multivariate logit model which allows for heterogeneity in the relationship between the Z-score and the probability of distress, allowing an improved assessment of the probability of distress of banks and the construction of an "augmented" Z-score formula for out-of-sample use.
We compare the performance of these di¤erent Z-score measures to determine the best Z-score(s) to use in practice. We pursue comparisons drawing on a range of alternative testing procedures, …rst at a probabilistic level, where our Z-score measures can be related to predicted probabilities of distress using sound statistical foundations. We then progress to a multivariate logit model in order to link the Z-score to the probability of distress, which allows us to include key observable characteristics at the bank level as well as changes in economic conditions. This parametric econometric model approach allows additional testing procedures to assess the probabilities of distress and evaluate the di¤erent Z-score measures used. We then …nally compare the multivariate logit and probabilistic approaches in order to determine if there is a "best" Z-score measure to use in empirical analysis.
We exploit for our empirical analysis the substantial number of banks that became distressed during the …nancial crisis of 2007-2008, predominantly in the US and Europe, which will allow us to compare and evaluate the di¤erent approaches to the construction of Z-score measures developed.
Our results …rstly show that our novel regulatory capital Z-score, which we introduce to re ‡ect the relevance of regulatory capital constraints faced by banks, dominates the two versions of traditional return-based Z-score measures we examine for the majority of the test criteria used in our probabilistic approach, for both the US and European samples. Focussing next on how best to allow for time-variation in Z-score measures, our analysis using the probabilistic approach shows that Z-scores computed with exponentially weighted moments are better than those with moving moments for the US sample, but do not present a clear advantage for the European one. We further demonstrate in this context that moving moment Z-score measures based on 3-year windows outperform Z-scores using 5-year windows for both the US and Europe. Moving on to the multivariate logit approach, including selected observable characteristics at the bank level and changes in economic conditions allows us to compute augmented Z-scores that provide probabilities of distress that better discriminate between distressed and surviving banks than the probabilistic approach, for both the US and European samples. Using the multivariate logit approach, our results suggest that the best Z-score to use, in both the US and Europe, is the ROA-based Z-score using current values of the capital-asset ratio, calculated either with moving or exponentially weighted moments.
The remainder of the paper is organized as follows: Section 2 presents the traditional and regulatory Z-score measures considered, links them to predicted probabilities of distress and presents the data; Section 3 tests the relative performance of the di¤erent Z-scores using the probabilistic approach; Section 4 develops a parametric econometric model to assess probabilities of distress and applies it to evaluating the di¤erent Z-score measures; Section 5 compares the performance of the parametric econometric model approach with that of the probabilistic one, and develops an augmented Z-score formula for out-of-sample use; …nally, Section 6 concludes the paper.
3 2 Z-score measures and data 2.1 Z-score de…nitions 2.1.1 Traditional ROA-based Z-score Let us …rst restate the traditional justi…cation for using Z-scores as a risk measure re ‡ecting a bank's probability of insolvency. For these purposes, bank insolvency is commonly de…ned as a state where (CAR + ROA) 0, with CAR the bank's capital-asset ratio and ROA its return on assets. Lepetit and Strobel (2015) showed that if ROA is a random variable with …nite mean ROA and variance 2 ROA , the one-sided Chebyshev inequality gives an upper bound of the probability of insolvency as a nonlinear function of the Z-score Z (CAR + ROA ) = ROA > 0 as follows
In this sense, a high Z-score can thus be argued to correspond to a low probability of insolvency.
A new "regulatory" Z-score
We develop a new "regulatory" Z-score that is based on a bank's regulatory rather than standard capital-asset ratio. In analogy to the de…nition of bank distress in Section 2.1.1, one could argue that a bank is in "regulatory" distress when a particular regulatory capital ratio RCAR drops below a given regulatory threshold T R, so that, e.g., its total capital ratio drops below 8% or its Common Equity Tier 1 ratio drops below 4.5% (under Basel III). This then allows us to relate a "regulatory capital" Z-score, de…ned as Z RCAP ( RCAR T R) = RCAR , to an upper bound of the (unconditional) probability of regulatory distress, as follows Proposition 1 If the regulatory capital ratio RCAR is a random variable with …nite mean RCAR > T R and variance 2 RCAR > 0, an upper bound of the bank's probability of not satisfying the regulatory threshold tr is given by P(RCAR T R) (1 + Z 2 RCAP ) 1 < 1, where the "regulatory capital" Z-
Proof. See Appendix A.
Time-variation -moving moments
The time-varying implementation of the two Z-score measures introduced above can be carried out in di¤erent ways; common approaches to this, for the traditional Z-score, are discussed in Lepetit and Strobel (2013) . 2 In common with the empirical literature to date, we …rst calculate "rolling" versions of the Z-scores. For this we initially consider the most commonly used 3-year rolling windows for the calculation of moving moments. For the traditional Z-score, we calculate two alternative versions: (i) the "moving capital" Z-score Z r3 , using moving mean and standard deviation estimates for both ROA and CAR, with window widths of three observations; and (ii) the "current capital" Z-score Z r3;c , using moving mean and standard deviation estimates for ROA, with window widths of three observations, and combining these with current values of CAR. For the regulatory capital Z-score, we calculate Z r3 RCAP using moving mean and standard deviation estimates for the total capital ratio (T CR), with window widths of three observations, and a regulatory threshold of 8%. Alternatively, we also consider equivalently constructed Z-scores Z r5 , Z r5;c and Z
r5
RCAP that use 5-year rolling windows for the calculation of moving moments instead.
Time-variation -exponentially weighted moments
We then go further than the existing literature by also implementing exponentially weighted moments in the construction of alternative time-varying Z-scores; exponentially weighted moments have the advantage of always drawing on the full data history available, while weighting more recent observations more heavily. We thus construct the "exponential capital" Z-score Z exp , using exponential mean and standard deviation estimates for both ROA and CAR , the "current capital" Z-score Z exp;c , using exponential mean and standard deviation estimates for ROA combined with current values of CAR, and the regulatory capital Z-score Z exp RCAP , using exponential mean and standard deviation estimates for the total capital ratio (T CR). For each of our relevant variables, the exponentially weighted moving average EWMA, and exponentially weighted moving variance EWVAR, are calculated recursively as 3 mean:
where the recursion for the (naive) exponentially weighted variance follows Finch (2009) and West (1979) . We determine the smoothing parameter optimally, carrying out a grid search over the range 0.01 to 0.99 with increments of 0.01. This produces 99 competing exponential Z-score can-2 Lepetit and Strobel (2013) further examine, for commercial, cooperative and savings banks in G20 countries from 1992-2009, which of the various mean and standard deviation estimates commonly used in the literature to compute traditional time-varying Z-score measures "best …t the data", which, however, is only interpreted narrowly in the sense of producing minimum one-period-ahead forecast errors regarding the relevant moments. As a consequence, in contrast to our present paper, their assessment does not extend to examining the relative performance of di¤erent time-varying Z-score measures in relation to actual, observed instances of bank distress.
3 Stata code implementing these exponentially weighted moments and associated Z-score measures is available from the corresponding author on request.
didates; amongst those, the one maximizing the AUROC curve is then chosen (see Section 3.1 for details of our testing procedure). For our sample (described in Section 2.2), determining the optimal smoothing parameter optimally for CAR shows consistently that current values of CAR are best; hence we consider only the exponentially weighted Z-scores Z exp;c and Z exp RCAP throughout the paper.
Bank distress and sample construction
In order to determine which one of the di¤erent Z-score measures introduced in Section 2.1 is best, we focus on the …nancial crisis of [2007] [2008] Molyneux et al. (2014) and Fratianni and Marchionne (2013) for Europe; or (iii) it was "weakly" capitalized and was subsequently acquired by a safer bank. We consider a bank as weakly capitalized if the tangible common equity/tangible assets ratio is lower than 2%, or the Tier 1 capital ratio is lower than 4%, or the total capital ratio is lower than 8%. When a bank is classi…ed as distressed during a given year, it is dropped from the sample in the following and all subsequent years.
Our initial US sample consists of 5931 commercial banks; amongst those, 545 fell into distress between 2007 and 2014. Dropping banks with a net loans to total assets ratio lower than 5%, we retain a …nal US sample allowing us to calculate 3-year rolling Z-score measures of 5823 banks, of which 543 fell into distress between 2007 and 2014. The initial European sample, on the other hand, has 3073 commercial, savings and cooperative banks; 157 of these fell into distress in the period considered. When we similarly drop banks with a net loans to total assets ratio lower than 5%, we obtain a …nal sample allowing us to calculate 3-year rolling Z-score measures of 2866 European banks, of which 142 became distressed between 2007 and 2014. Not all European banks publish their total capital ratio, reducing the sample that can be used to examine the regulatory Z-score to 2138 banks, of which only 60 fell into distress; this unavailability of total capital ratios is consistent across BvD BankScope, SNL, Bloomberg as well as annual reports. Table 1 provides summary statistics for both our US and European samples. As expected, the unconditional probability of distress shows considerable ‡uctuation, and is naturally highest in 2008-2010. As regards the construction of the time-varying Z-score measures we consider, those using rolling windows are calculated with the window widths considered from 2007 onwards. The Z-scores using exponentially weighted moments are similarly constructed from 2007 onwards, but draw on the maximum amount of historical data available for each bank in our sample; the earliest usable observations are in 1990 and 1999 for the US and European samples, respectively. Table B1 (in Appendix B) presents summary statistics for the main Z-score measures computed for our samples of distressed and non-distressed banks. As expected, Z-score measures of distressed banks are signi…cantly lower than those of non-distressed banks. Table B2 further gives correlation matrices for the main Z-score measures. We observe that the regulatory capital Z-score is only weakly correlated with the total capital ratio (TCR), suggesting that it may indeed be of interest to consider our novel regulatory capital Z-score as a measure of default risk, rather than simply the TCR itself.
3 Comparing predicted probabilities of bank distress to actual bank distress
The di¤erent Z-scores developed in Section 2.1 can be considered as rival binary classi…ers, with each classi…er providing predicted probabilities that banks become distressed. These predicted probabilities can then be compared to observed discrete outcomes of distressed banks, in order to evaluate the di¤erent approaches to constructing Z-score measures, using the techniques outlined in the following section. In order to retain observations with negative Z-scores in the calculation of predicted probabilities, negative Z-scores are rescaled to lie between zero and the minimum observed Z-score in the sample. This is necessary as negative Z-scores do not …t into the probabilistic framework drawn on in Section 2.1, where a Z-score of zero already corresponds to a probability of insolvency of 100%; however, negative Z-scores can nevertheless occur when calculated based on actual accounting data when a bank is in fact in distress.
Testing procedure
Various criteria have been developed to compare formulas that predict the probabilities of having observed a positive outcome (Y i;t = 1) of a corresponding binary response (Y i;t = f0; 1g). Here, we consider several complementary criteria: three criteria that focus on the relative ranking of the predicted probabilities provided by each classi…er (AUROC curve, AUPR curve and H measure); and a criterion that takes into account the numerical values of the predicted probabilities (Tjur R 2 ). The latter three are not commonly applied in economics/…nance, but more widely used in di¤erent scienti…c disciplines such as biostatistics and machine learning (e.g. Hand (2012) , Saito and Rehmsmeier (2015) ). The …rst category of criteria are de…ned and computed from the confusion matrix (Hand (2012) ).
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We …rst consider the area under the receiver operating characteristic (AUROC) curve. The receiver operating characteristic (ROC) curve plots the true positive rate against the false positive rate at various threshold settings. Therefore, the area under the ROC curve, considering all possible thresholds, has the attractive property of providing a summary measure of classi…cation ability. In addition, the AUROC curve has an intuitive interpretation: it equals the concordance probability (also called the c index) that is equivalent to the probability that a randomly chosen positive outcome is ranked higher than a randomly chosen negative outcome. Realistic values for the AUROC curve range thus from 0.5 (random ranking) to 1 (perfect ranking). The AUROC curve is a widely used measure of classi…er performance, but can be a misleading indicator when positive outcomes are sparse in the dataset (i.e. for imbalanced datasets). This issue is related to the fact that the ROC curve reports the false positive rate on the x-axis, calculated as the ratio of false positives to overall negatives (i.e. false positives and true negatives). When positive outcomes are sparse, it becomes easier to predict negative outcomes and, consequently, true negatives are much more numerous than false positives (i.e. the false positive rate is generally weak). Therefore, if we care more about the positive outcomes, the AUROC curve can overstate the overall performance of the classi…er. The area under the precision-recall (AUPR) curve can be considered as a more appropriate evaluation metric in such situations (Saito and Rehmsmeier (2015) ). The precision-recall (PR) curve plots precision against recall at various threshold settings, where precision is de…ned as the ratio of true positives to overall positives, and recall is a synonym for the true positive rate. As a consequence, the PR curve and the ROC curve both use the true positive rate, but the PR curve considers precision instead of the false positive rate. In other words, in contrast to the ROC curve, the PR curve does not consider the true negatives; this gives a more informative picture of the performance of the classi…er in an imbalanced dataset. However, the AUPR curve does not have an intuitive interpretation, unlike the AUROC curve.
A more fundamental criticism has been expressed towards the AUROC curve by Hand (2009 Hand ( , 2010 . Considering optimal thresholds, these papers demonstrate that optimising the AUROC curve is equivalent to minimising expected minimum loss (resulting from misclassi…cation costs), showing that the latter depends on the score densities, and hence on the classi…er. Therefore, the interpretation of the AUROC curve is argued to be model-speci…c, leading to the conclusion that the AUROC curve is not a coherent measure to compare rival classi…ers. Hand (2009) proposes the H measure, which is not classi…er-dependent, as a coherent alternative to the AUROC curve. 6 However, Flach et al. (2011) challenges the argument developed by Hand (2009 Hand ( , 2010 , contending that considering only optimal thresholds is over-optimistic from a practical perspective. When all scores that have been assigned to data points are considered as possible thresholds, the AUROC curve is arguably not model-speci…c, and thus would remain a coherent measure of classi…cation performance.
The AUROC curve, AUPR curve and H measure focus only on the relative ranking of the predicted probabilities. However, the numerical values of the predicted probabilities can also be considered as meaningful. As a result, we use an additional criterion in order to also measure the accuracy of the predicted probabilities, the Tjur (2009) R 2 , which is de…ned as the di¤erence between the mean of the predicted probabilities of positive outcomes and the mean of the predicted probabilities of negative outcomes.
Adopting an agnostic approach as to which of these criteria might be best suited for our purposes, we apply all four criteria to empirically compare the performance of the di¤erent Z-scores as classi…ers providing predicted probabilities that banks become distressed. A "best" Z-score would ideally present the highest values for the AUROC curve, the AUPR curve, the H measure and the Tjur R 2 . As these criteria assess di¤erent aspects of performance, it is, however, unclear whether one should expect one of the alternative Z-score measures to dominate all others for the entire set of criteria. Therefore, we simply aim to identify a hierarchy in which a subgroup of Z-score measures is dominated on average by other more e¢ cient ones.
Results
Our test results are reported in Table 2 , with testing carried out separately for the US and European samples (see Panels A and B, respectively). Testing by region is done, …rstly, due to the signi…cant di¤erence in sample size, and secondly to allow us to examine whether results di¤er between the US and European samples. We …rst evaluate the performance of the di¤erent Z-scores when calculated using moving moments, using 3-year windows. The two traditional, widely used ROA-based Z-scores, Z r3;c and Z r3 , computed with either current values or moving mean of the capital-asset ratio, are compared with our novel regulatory capital Z-score Z r3 RCAP . We observe throughout that our results are quali-tatively similar for the US and European samples. The regulatory capital Z-score dominates the two traditional ROA-based Z-scores for all test criteria but the AUPR curve for both the US and the European sample. When choosing more narrowly only between the two traditional ROA-based Z-scores, the one computed with current values of the capital-asset ratio (Z r3;c ) is strictly preferable throughout.
We next investigate whether time-varying Z-scores computed using exponentially weighted moments perform better than those using simple moving moments. Results in Table 2 indicate that, for the US sample, exponentially weighted Z-scores dominate corresponding moving moments Z-scores using 3-year windows for all criteria, with the only exception of the AUROC curve for the regulatory Z-score. Test results are, however, less clear-cut as to whether the exponentially weighted "current capital" Z-score (Z exp;c ) or the exponentially weighted regulatory capital Z-score (Z exp RCAP ) are best, with each performing well for certain criteria in the US sample. For the European sample, on the other hand, exponentially weighted Z-scores do not outperform their corresponding moving moments Z-scores based on all criteria but the Tjur R 2 .
Additionally, we carried out equivalent comparisons using Z-scores based on moving moments using 5-year windows instead of the more common 3-year ones; this, however, marginally reduces the number of usable observations. We …nd that Z-score measures based on 3-year windows outperform the Z-scores using 5-year windows for all the criteria we use to compare their performance, for both the US and Europe (see Table B3 in Appendix B).
Overall, our analysis suggests that for US data, it is better to use Z-scores computed with exponentially weighted moments rather than those with moving moments, and that the two best Z-scores to use are the exponentially weighted regulatory capital Z-score and the exponentially weighted "current capital" Z-score. If only simple moving moments are applied, however, it is better to use the regulatory capital Z-score than traditional Z-scores for US data, using 3-year windows. The latter recommendation also applies to European data; however in this case using exponentially weighted moments furthermore does not o¤er any relevant signi…cant advantages, with the moving moment regulatory capital Z-score, using 3-year windows, remaining best overall. This result notwithstanding, as the required regulatory data is much less available for European banks it may be preferable to use the moving moment "current capital" Z-score instead.
Whereas our analysis allows the comparison of these di¤erent Z-scores measures, drawing on the predicted probabilities that banks become distressed they imply, it does not o¤er guidance for what particular transformation of those Z-score measures is the most appropriate to use in applied empirical work. As Lepetit and Strobel (2015) emphasize, log-transformed Z-scores may be more appropriate in applied work due to the skewness of Z-scores in levels; the log of the Z-score can additionally be shown to be negatively proportional to the log odds of insolvency, giving it a sound probabilistic foundation. However, a practical inconvenience of log-transformed Z-scores is the fact that calculated Z-scores can be negative by construction. This issue could be resolved either through appropriate rescaling of negative Z-scores into the positive domain (as detailed above), or by resorting to alternative transformations such as the log-modulus transformation, which we introduce in the following section.
Next, we move beyond the probabilistic approach to the evaluation of di¤erent Z-score measures that links the Z-score to the probability of bank distress, and introduce an alternative approach based on a parametric econometric model.
A multivariate logit model for the probability of bank distress
We now develop a multivariate logit model to link the Z-score to the probability of distress, allowing us to include selected control variables in the speci…cation that represent key observable characteristics at the bank level as well as changes in economic conditions. This parametric econometric model then allows us to apply an alternative range of statistical tests to further assess the di¤erent Z-score measures introduced in Section 2.1 in relation to their ability to predict bank insolvency/distress.
Econometric model speci…cation
The baseline model for the multivariate-model approach corresponds to a pooled logit speci…cation given by
where the subscripts refer to bank i (i = 1; :::; N ) in period t (t = 1; :::; T ). The variable Y i;t is a binary variable that is equal to 1 if the bank falls into distress and 0 otherwise, Z K i;t is a Z-score measure of type K, X i;t is a set of control variables, is a parameter estimate and a vector of parameter estimates. The cumulative density function (:) is given by
where c is the intercept. The multivariate logit model allows us to compute alternative augmented (model-based) probabilities of distress, denoted P Z K i;t ; X i;t . The control variables (X i;t ) take into account selected observable characteristics at the bank level and changes in economic conditions. We select bank-level control variables that are publicly available and provided by most, if not all, banks to ascertain that they can be used universally. We …rstly control for bank size by including the log of total assets (Size i;t ), but also examine additional inclusion of the square of the log of total assets ((Size i;t )
2 ). Economies of scale and scope in information production might imply that larger banks should be less prone to falling into distress and be more e¢ cient than smaller ones (e.g. Diamond (1984) , Williamson (1986) , and Boyd and Prescott (1986) ). On the other hand, large banks might also have incentives to pursue higher asset risk relative to smaller banks in response to "too-big-to-fail" subsidies and government bailouts (e.g. Farhi and Tirole (2012) ). We additionally take into account if a bank is subject to market scrutiny by including the dummy variable Listed i;t equal to 1 if bank i is listed on a public stock market, and 0 otherwise. Market discipline has the potential to curb incentives for excessive risk taking, by rendering risk-taking more costly (Kwan (2004) , Nier and Baumann (2006) ). Lastly, we include the VIX (V IX t ) to account for changes in economic conditions; this is preferred to time dummies, as those would not be appropriate for out-of-sample use of the estimates. The Z-score measure (Z K i;t ) used here is the log-modulus transformation (John and Draper (1980) ) of the Z-score variable Z K i;t de…ned as
where sign Z K i;t is equal to -1 if the variable Z K i;t is negative and 1 otherwise. The log-modulus transformation allows us to both handle the skewedness of the distribution of the Z-score and the potential negative values taken by the Z-score when returns are negative and equity drops to su¢ ciently low levels. The latter aspect may be particularly relevant in studies like ours dealing speci…cally with bank distress, as it would lead to exclusion of such observations, or require some rescaling, when applying a simple log-transformation.
Testing procedure
The comparison of di¤erent Z-score measures (for a given model speci…cation) is equivalent to the comparison of non-nested logit models. For this we rely on the Vuong (1989) test and the Clarke (2003) test. These two procedures focus on the relative strength of two rival models and exploit the di¤erences in the log-likelihoods of two competing models. The non-nested tests are more appropriate than familiar model selection criteria such as the McFadden R 2 or the AIC and BIC criteria because non-nested tests provide probabilistic statements regarding model selection. In addition, the non-nested tests include information from the rival model in the selection procedure, unlike the common model selection criteria. More speci…cally, Vuong (1989) proposes a procedure to discriminate between two rival models. He puts forward that the …rst model should be selected over the second model if the average loglikelihood of the …rst model is signi…cantly greater than the average log-likelihood of the second model, and conversely. Thus, the Vuong test uses the average di¤erence in the log-likelihoods of two competing speci…cations. The null hypothesis is that the average di¤erence is zero, suggesting that the two rival models are equally close to the true model. The test statistic, based on an appropriate normalization of the estimated average di¤erence, is normally distributed under the null hypothesis. Furthermore, when the null hypothesis is rejected, the …rst model should be selected if the test statistic is positive, while the second model should be selected if the test statistic is negative.
Additionally, Clarke (2003) shows that some conditions a¤ect the performance of the Vuong test. In particular, a small sample size, a strong canonical correlation between the sets of covariates in the two rival models and the presence of outliers in the (individual) log-likelihood ratios reduce the performance of the Vuong test. Clarke (2003) proposes a more robust selection procedure in such conditions. The Clarke test, also called the distribution-free test, is based on the median di¤erence in the log-likelihoods of two competing speci…cations. The null hypothesis is that the two speci…cations are equally close to the true model. Therefore, under the null hypothesis, half of the di¤erences of the log-likelihoods should be greater than zero. The number of positive di¤erences is used to compute the test statistic that is distributed binomial (n; 0:5), where n is the number of observations. 7 Furthermore, when the null hypothesis is rejected, the number of positive di¤erences is signi…cantly di¤erent from 0.5, suggesting that the median log-likelihood ratio is statistically di¤erent from zero. A number of positive di¤erences signi…cantly larger than 0.5 means that the …rst model should be selected, whereas a number of positive di¤erences signi…cantly lower than 0.5 means that the second model should be selected. Finally, we also rely on the AUROC curve which is reliable for assessing whether one of the Z-score measures performs better for the detection of distressed banks. More precisely, we consider the statistical test proposed by DeLong et al. (1988) to compare two AUROC curves.
Results
Tables 3 and 4 present the results of the multivariate logit regressions for the Z-scores we introduced in Section 2.1, for the US and European sample, respectively.
For the European sample, the square of the log of total assets ((Size i;t ) 2 ) is not signi…cant throughout, hence we resort to a speci…cation only including the log of total assets (Size i;t ) in this case (see Table 4 ). This is plausibly due to the fact that our sample of distressed banks in Europe is dominated by large banks, contrary to the US sample. Furthermore, as inclusion of the regulatory capital Z-score Z r3 RCAP when carrying out the tests outlined in Section 4.2 would dramatically reduce the size of the available European sample (as discussed above), we focus only on ROA-based Z-scores when examining the European sample.
Our main results show that the addition of control variables in the four multivariate models we consider results in a statistically signi…cant improvement in model …t, obtaining higher LogLikelihoods than with univariate models, with large LR test statistics associated with very low p-values. The di¤erent multivariate models also have larger McFadden R 2 and lower values for AIC and BIC compared to the univariate versions. Using the multivariate logit approach, we then re-examine the performance of the di¤erent Zscore measures introduced in Section 2.1, with results presented in Tables 5 and 6 , for the US and Europe, respectively. We observe for both the US and Europe that the "current capital" Z-score Z r3;c dominates the "moving capital" Z-score Z r3 throughout in the multivariate context. Similarly, again for both the US and European samples, while the exponentially weighted "current capital" Z-score (Z exp;c ) strictly dominates the "moving capital" Z-score Z r3 in the multivariate context, its performance relative to the "current capital" Z-score Z r3;c is far from conclusive. As far as the regulatory capital Z-scores Z r3 RCAP and Z exp RCAP are concerned for the US sample, both are strictly dominated by the "current capital" Z-score Z r3;c in the multivariate context.
Overall, our results for both the US and European samples suggest that in a multivariate context, which also takes into account selected observable characteristics at the bank level and changes in economic conditions, the "current capital" Z-score Z r3;c and exponentially weighted "current capital" Z-score (Z exp;c ) jointly outperform all other considered Z-score measures, without however a clear "winner" between the two of them.
In the next section, we compare the probabilistic approach linking the Z-score to the probability of bank distress, as discussed in Section 3, with the alternative approach based on a multivariate logit model developed here, allowing us to develop an "augmented" Z-score measure as a consequence.
Towards an augmented Z-score
We …rst compare the performance of the multivariate logit approach with that of the probabilistic one, using the same criteria as in Section 3.2 (AUROC curve, AUPR curve, H statistic and Tjur
R
2 ). The results displayed in Table 7 , for both the US and European sample, show that the multivariate logit approach outperforms the probabilistic approach for three of the four criteria considered (AUROC curve, AUPR curve and H measure). The fact that the probabilistic approach seemingly outperforms the multivariate model approach according to the Tjur R 2 should be treated with caution, as it is mainly driven by the properties of the link functions between the Z-score measure and the probability of distress. 8 The dominant performance of the multivariate logit approach shows that the inclusion of selected observable characteristics at the bank level and changes in economic conditions can give more accurate probabilities of distress to discriminate between distressed banks and survivor banks. In terms of practical application, we can draw on these results by constructing a formula de…ning an "augmented" Z-score that can be used in out-of-sample applications, as an alternative to the "unconditional" Z-score commonly used in empirical work in the banking and …nancial stability related literature. Formally, our multivariate model framework allows the computation of a formula for an augmented Z-score measureẐ
For the best Z-score measure we identi…ed in the multivariate model approach, i.e. the ROAbased Z-score using current values of the capital-asset ratio, we can retrieve the relevant estimated parameters^ and^ from Tables 3 and 4. The corresponding augmented ROA-based Z-score measure Z r3;c i;t , computed using 3-year rolling windows (for simplicity) and current values of the capital-asset ratio, can then be given as for the US:Ẑ 
The associated probability of distress for this augmented Z-score is given by the respective logit functions [1 + exp(Ẑ the estimated coe¢ cients can be used as optimal weights in an out-of-sample perspective that make the Z-score measure conditional on economic conditions and banks'observable characteristics, and thereby provides an improved assessment of a bank's risk of distress. We can use two graphical representations to illustrate the main properties of this augmented Z-score. In Figure 1 , the Z-score measure is on the horizontal axis, whereas the vertical axis gives the probability of distress. Figure 1 shows that, for a given Z-score, the probability of distress is not unique in the multivariate logit model as economic conditions and banks'observable characteristics change for each observation. In particular, Figure 1 shows that the di¤erences in the probabilities of distress for a given Z-score can be substantial when Z-scores are low, i.e. when banks face a greater risk of distress. Therefore, the augmented Z-score measures computed from the multivariate based approach; hence, the Tjur R 2 will conclude that the probabilistic approach outperforms the model-based approach. This result highlights that for users that are sensitive to the numerical values of the predicted probabilities, the probabilistic approach has the interesting feature of generating on average a large gap between the respective predicted probabilities of distressed and surviving banks. logit model allow the introduction of heterogeneity in the relationship between the Z-score and the probability of distress. This heterogeneity between banks and over time ensures an improved assessment of the probability of distress of banks.
We can also illustrate the main advantage of the augmented Z-score measure in the time dimension. More precisely, we can use the multivariate logit model to construct a Z-score map that illustrates how the relationship between the Z-score and the probability of distress is a¤ected by changes in economic conditions over time (i.e. the VIX). Figures 2 and 3 show to what extent the probability of distress changes when both the Z-score measure and the VIX vary. In other words, the non-linearity of the logit model implies that the marginal e¤ect of the Z-score on the probability of distress is conditional on the level of the control variables, including the economic conditions proxied by the VIX. Thus, Figures 2 and 3 show, for the US and Europe, that in a high volatility environment (i.e. VIX> 40) the probabilities of distress start to increase when the Z-score measure goes below 5, whereas this increase only starts when the Z-score measure drops below three in a low volatility environment (i.e. VIX< 15). In addition, the slopes of the surfaces in Figures 2 and  3 show that a decline in the Z-score measure can lead rapidly to a high probability of distress in a high volatility environment, whereas a similar decline will not have a substantial e¤ect on the risk of distress in a low volatility environment.
Conclusion
We examine traditional and alternative versions of Z-score measures, a commonly used, accounting data based bank insolvency risk measure. After highlighting various caveats arising in the practical application of traditional ROA-based Z-scores, we develop alternative Z-score measures that aim to resolve these issues, and then proceed to recommendations for best practice in the application of Z-score measures for the measurement of bank insolvency risk in the empirical banking and …nancial stability related literature. Our empirical analysis is focussed on the …nancial crisis of 2007-2008, using annual …nancial statement data for US and European banks for the period 2006-2014. We carry out comparisons of the di¤erent Z-score measures considered using a range of alternative testing procedures, drawing on both a probabilistic approach as well as a multivariate logit approach; the latter further conditions on selected observable bank characteristics and the macroeconomic environment.
Our results demonstrate that our novel regulatory capital Z-score dominates the two versions of traditional ROA-based Z-score measures we examine using the probabilistic approach, for both the US and European samples. Examining how best to allow for time-variation in Z-score measures, we …nd using the probabilistic approach that Z-scores computed with exponentially weighted moments are better than those with moving moments for the US sample, but have no clear advantage for the European one. Furthermore, moving moment Z-score measures based on 3-year windows outperform Z-scores using 5-year windows for both the US and Europe. Using a multivariate logit approach, which includes selected observable characteristics at the bank level and changes in economic conditions, we are able to compute augmented Z-scores that provide probabilities of distress that better discriminate between distressed and surviving banks than the probabilistic approach, for both the US and European samples. Based on the multivariate logit approach, our results suggest that the best Z-score to use, for both the US and Europe, is the ROA-based Z-score using current values of the capital-asset ratio, calculated either with moving or exponentially weighted moments. Variable de…nitions, Z-scores computed with 3-year rolling windows (see Section 2 for more details): Z r3 = ROAbased Z-score computed with moving mean of the capital-asset ratio; Z r3;c = ROA-based Z-score computed with current values of the capital-asset ratio; Z r3 RCAP = Regulatory capital Z-score (using TCR and 8% threshold). Z-scores computed with exponentially weighted moments: Z exp;c = ROA-based Z-score computed with current values of the capital-asset ratio with =0.28 for the US and 0.54 for Europe; Z exp RCAP = Regulatory capital Z-score (using TCR and 8% threshold) with =0.82 for the US and 0.53 for Europe. The parameter is provided by a grid search and maximizes the AUROC curve in the multivariate model. Four criteria are used to compare the performance of the di¤erent rival classi…ers (AUROC curve, AUPR curve, H measure and Tjur R 2 ). Best Z-scores present the highest values for the AUROC curve, the AUPR curve, the H measure and the Tjur R 2 . Variable de…nitions, Z-scores computed with 3-year rolling windows (see Section 2 for more details): Z r3 = ROA-based Z-score computed with moving mean of the capital-asset ratio; Z r3;c = ROAbased Z-score computed with current values of the capital-asset ratio; Z r3 RCAP = Regulatory capital Z-score (using TCR and 8% threshold). Z-scores computed with exponentially weighted moments: Z exp;c = ROA-based Z-score computed with current values of the capital-asset ratio with =0.28; Z exp RCAP = Regulatory capital Z-score (using TCR and 8% threshold) with =0.82. The parameter is provided by a grid search and maximizes the AUROC curve in the multivariate model. Control variables: Listed i = 1 if bank i is listed on a public stock market, and 0 otherwise; Size = log of total assets; V IX = the CBOE Volatility Index. ***, ** and * indicate signi…cance respectively at the 1%, 5% and 10% levels. Cluster (at the bank level) robust standard deviations are in brackets. [p-value] 104.45 [0.0000] 101.11 [0.0000] 131.31 [0.0000] 102.69 [0.0000] 99.01 [0.0000] Variable de…nitions, Z-scores computed with 3-year rolling windows (see Section 2 for more details): Z r3 = ROA-based Z-score computed with moving mean of the capital-asset ratio; Z r3;c = ROAbased Z-score computed with current values of the capital-asset ratio. Z-scores computed with exponentially weighted moments: Z exp;c = ROA-based Z-score computed with current values of the capital-asset ratio with =0.54. The parameter is provided by a grid search and maximizes the AUROC curve in the multivariate model. Control variables: Listed i = 1 if bank i is listed on a public stock market, and 0 otherwise; Size = log of total assets; V IX = the CBOE Volatility Index. ***, ** and * indicate signi…cance respectively at the 1%, 5% and 10% levels. Cluster (at the bank level) robust standard deviations are in brackets. Variable de…nitions, Z-scores computed with 3-year rolling windows (see Section 2 for more details): Z r3;c = ROA-based Z-score computed with current values of the capital-asset ratio. Z-scores computed with exponentially weighted moments: Z exp;c = ROA-based Z-score computed with current values of the capital-asset ratio with =0.54. The parameter is provided by a grid search and maximizes the AUROC curve in the multivariate model. Note: The m ultivariate mod el including the ROA-based Z-score (computed using 3-year rolling windows and current values of the capital-as set ratio) is used to generate thi s graph. The variables used in the multivariate model other than Z-score and VIX are fixed at their median level. Variable de…nitions, Z-scores computed with 3-year rolling windows (see Section 2 for more details): Z r3 = ROAbased Z-score computed with moving mean of the capital-asset ratio; Z r3;c = ROA-based Z-score computed with current values of the capital-asset ratio; Z r3 RCAP = Regulatory capital Z-score (using TCR and 8% threshold). Z-scores computed with exponentially weighted moments: Z exp;c = ROA-based Z-score computed with current values of the capital-asset ratio with =0.28 for the US and 0.54 for Europe; Z exp RCAP = Regulatory capital Z-score (using TCR and 8% threshold) with =0.82 for the US and 0.53 for Europe. The parameter is provided by a grid search and maximizes the AUROC curve in the multivariate model. Four criteria are used to compare the performance of the di¤erent rival classi…ers (AUROC curve, AUPR curve, H measure and Tjur R 2 ). Variable de…nitions, Z-scores computed with n-year rolling windows (with n=3,5; see Section 2 for more details): Z n ROA = ROA-based Z-score computed with moving mean of the capital-asset ratio; Z n;c ROA = ROA-based Zscore computed with current values of the capital-asset ratio; Z n ROE = ROE-based Z-score; Z n RCAP = Regulatory capital Z-score (using TCR and 8% threshold). Four criteria are used to compare the performance of the di¤erent rival classi…ers (AUROC curve, AUPR curve, H measure and Tjur R 2 ).
B Additional tables
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C Properties of the link functions Note: The probability of distress is given by 1/(1+Z-score 2 ) in the probabilistic approach. The probability of distress in the model-based approach is obtained from an univariate logit model estimated for the US sample and given by 1/(1+exp(1.6162*ln(Z-score+1)+0.3781)).
